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Abstract

This paper proposes an optimization-based task and motion planning framework,
named “Logic Network Flow" (LNF), to integrate temporal logic specifications
into efficient mixed-integer programs. Inspired by the Graph-of-Convex-Sets (GCS)
formulation, temporal predicates are encoded as polyhedron constraints on each
edge of a network flow model, instead of as constraints between nodes as in
traditional Logic Tree formulations. We further propose a network-flow-based
Fourier-Motzkin elimination procedure that removes continuous flow variables while
preserving convex relaxation tightness, effectively projecting the GCS formulation
onto a lower-dimensional space with fewer variables and constraints. For our
temporal logic motion planning formulation, this projection leads to provably
tighter convex relaxations and fewer constraints than Logic Tree approaches, when
synthesized with various piecewise-affine (PWA) dynamic system formulations.
Comprehensive experiments across vehicle routing, multi-robot coordination, and
temporal logic control on dynamical systems using point mass and linear inverted
pendulum models demonstrate up to orders of magnitude computational speedups,
due to more efficient branch-and-bound processes. Hardware demonstrations
with quadrupedal robots validate real-time replanning capabilities under dynamic
environmental conditions.
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Introduction

Task and motion planning (TAMP) with temporal logic speci cations provides
formal guarantees for robot motion plan safety and task completion (Plaku
and Karaman, 2016; Zhao et al., 2024; Li et al., 2021; He et al.,, 2015;
Shamsah et al., 2023). Temporal logics - including Linear Temporal Logic
(LTL), Metric Temporal Logic (MTL), and Signal Temporal Logic (STL) -
provide a rich formal language for specifying complex robotic tasks, particularly
when the objectives are more sophisticated than simple ones expressed as
reaching prede ned goal locations. LTL speci cations are typically addressed
through automata-based approaches, while MTL and STL constraints are often
formulated as mixed-integer linear programs (MILP) (Cardona et al., 20233;
Sun et al., 2022). However, motion planning under temporal logic constraints
are often computationally intractable in theory due to its NP-hard nature. In
practice, MILP solvers, e.g., via branch and bound (B&B), can often solve
the optimization in a reasonable computational time. Nevertheless, they still
su er from the worst-case exponential complexity. Despite numerous e orts
such as (Kurtz and Lin, 2021, 2022) to improve computational e ciency, solving
realistically large temporal logic planning problems can require minutes or even
hours, making them impractical for real-time robotics applications.

In this paper, we present a novel optimization formulation named \Logic
Network Flow (LNF)". Inspired by the Graph-of-Convex-Set (GCS) formulation
(Marcucci, 2024), we transform temporal logic speci cations into network ow
constraints to achieve tighter convex relaxations. Compared to the traditional
Logic Tree (LT) approaches (Wol et al., 2014; Raman et al., 2014) which place
temporal logic predicates at leaf nodes of a tree structure, the key innovation
of LNF lies in using ow conservation constraints to correlate the predicates
placed on the edges of the network ow.

Furthermore, we propose a network- ow-based Fourier-Motzkin procedure
that eliminates ow variables, replacing them with a series of inequality
constraints that provably tighten the convex relaxations compared to LT
formulations. This e ectively projects the original formulation onto a lower-
dimensional space, yielding our nal formulation that maintains tighter convex
relaxations without introducing additional variables. This is in contrast with the
GCS formulation (Marcucci, 2024), which achieves tighter convex relaxations
at the expense of introducing additional variables compared to baseline
formulations.

Through achieving tighter convex relaxations without introducing additional
variables, our formulation demonstrates better computational performance in
the branch-and-bound process, resulting in faster discovery of better incumbent
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solutions with computational speedups of up to several orders of magnitude
compared to benchmark methods. In addition, via integrating LNF with
dynamic systems, our framework o ers greater exibility than traditional
motion planning approaches such as (Kuindersma et al., 2016; Marcucci et al.,
2023), which typically require prede ned goal states. Instead, our formulation
synthesizes motion plans directly from temporal logic speci cations, allowing
for behaviors that cannot be expressed as simply reaching xed destinations,
while still accommodating complex dynamics such as Piecewise A ne (PWA)
systems (Sontag, 1981).

We evaluate our formulation by comparing against the standard Logic Tree
approach for temporal logic motion planning integrated with PWA systems,
as reviewed by (Belta and Sadraddini, 2019). Speci cally, we experiment
on problems that go beyond the typical complexity demonstrated in prior
temporal logic planning literature, including Vehicle Routing Problems with
Time Windows (VRPTW) for multi-robot coordination (Karaman and Frazzoli,
2008), optimal motion planning under temporal logic speci cations using point
mass (Belta and Sadraddini, 2019) and linear inverted pendulum models (Gu
et al., 2024), and multi-robot search-and-rescue scenarios. The formulation
is further validated through hardware experiments with quadrupedal robots
demonstrating real-time replanning capabilities under dynamic environmental
conditions.

Our main contributions are:

1. A novel optimization formulation, Logic Network Flow, that provides
provably tighter convex relaxations and fewer constraints compared to
existing Logic Tree approaches, resulting in computational speedups up
to orders of magnitude.

2. A network- ow-based Fourier-Motzkin elimination procedure that reduces
the number of continuous variables and constraints for our temporal
logic formulations, while being generally applicable to broader Graph-of-
Convex-Sets (GCS) formulations.

3. Methods for integrating Logic Network Flow with the general class
of piecewise-a ne (PWA) dynamical systems, including specialized
formulations for discrete planning on Temporal Graph models formulated
as Dynamic Network Flow.

4. Extensive experiments to validate computational speed advantages in
vehicle routing, multi-robot coordinated search and rescue, and hybrid
dynamical systems using reduced order models such as point mass and
linear inverted pendulum, as well as hardware demonstrations on temporal
logic planning with quadrupedal robots reacting to dynamic environmental
perturbations.

A conference version of this work is presented in (Lin et al., 2024). The
current article signi cantly advances the original paper in several aspects.
First, we introduce a network- ow-based Fourier-Motzkin elimination procedure
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that substantially improves computational e ciency by reducing the number
of variables and constraints. Second, we extend the framework to handle the
general class of piecewise-a ne (PWA) dynamical systems under temporal logic
constraints, while maintaining the Dynamic Network Flow formulation as a
specialized formulation for planning on Temporal Graphs. Third, we provide
rigorous theoretical analysis including formal proofs that our LNF formulation
achieves tighter convex relaxations compared to Logic Tree formulations, as
well as proofs of soundness and completeness. Fourth, we provide extensive
additional experiments, including planning with reduced-order models such
as point mass and linear inverted pendulum systems, as well as hardware
experiments demonstrating real-time replanning in response to environmental
perturbations.

The remainder of this paper is organized as follows. Section reviews prior
work on motion planning under temporal logic constraints. Section presents
the mathematical preliminaries for formulating temporal logic constraints into
mixed-integer linear programs. Section introduces our Logic Network Flow
formulation as well as the network- ow-based Fourier-Motzkin elimination
procedure. Section describes general approaches for integrating LNF with
PWA systems as well as specialized formulations using Dynamic Network Flow.
Section presents computational results and experimental validation through
simulations and hardware demonstrations. We conclude in Section with a
discussion of limitations and future work.

Related Work

Automata-based Methods for Robotic Planning

Originated in software veri cation (Baier and Katoen, 2008), formal methods
based on temporal logic provide mathematical correctness guarantees of complex
task speci cations. A range of robotics studies have therefore leveraged
temporal-logic-based methods for TAMP such as control synthesis over dynamic
systems (Belta et al., 2017), multi-agent coordination (Kloetzer and Belta,
2009), and human-robot interaction (Kress-Gazit et al., 2021).

Automaton construction is a common approach to synthesize the reachability
set of a robot to nd feasible motion plans that satisfy temporal-logic
speci cations, where the speci cation is converted to a nite state machine
featuring the actions to satisfy the logical requirements (Gastin and Oddoux,
2001). However, building automata leads to signi cant computational costs,
with the automaton size growing exponentially as the speci cation becomes
more complex (Wol et al., 2014). This scalability issue becomes particularly
challenging for large-scale robotic systems, motivating dedicated algorithms
such as (Kantaros and Zavlanos, 2020). When limited to a fragment of the
LTL speci cations, the satis ability of temporal logic games can be veri ed
in polynomial time complexity with respect to the problem size using reactive
GR(1) synthesis (Piterman et al., 2006; Kress-Gazit et al., 2009; Liu et al., 2013),
and when satis able, the corresponding automaton is constructed. However,
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the resultant automaton size remains prohibitively large for complex systems
and speci cations (Liu et al., 2013). While automata-based frameworks focus
primarily on nding feasible solutions, researchers have extended them to
achieve optimality (Ren et al., 2024; Wol et al., 2012; Smith et al., 2011; Ulusoy
et al., 2013). These methods typically struggle with complex speci cations or
high-dimensional systems. To address these challenges, Kurtz and Lin (Kurtz
and Lin, 2023) casted LTL motion planning as a shortest path problem in a
Graph-of-Convex-Sets, enabling e cient solutions through convex optimization.
Finally, this work focuses on MTL and STL speci cations, whereas generating
automata for MTL and STL remains challenging (Brihaye et al., 2017; Raman
et al., 2015; Belta and Sadraddini, 2019). In contrast, our framework does
not require building automata, but directly encodes the logic speci cations
into a uni ed optimization formulation, eliminating the exponential growth in
representation size of automata approaches.

Optimization-based Methods for Robotic Planning

Optimization-based methods provide an alternative paradigm to handle
temporal logic speci cations. Rather than constructing automata, optimization-
based techniques directly encode temporal logic constraints into mathematical
programs (Kurtz and Lin, 2022; Belta and Sadraddini, 2019; Raman et al.,
2014; Wol et al., 2014), and synthesize with underlying dynamic systems
using a uni ed formulation to achieve both logical constraint satisfaction
and trajectory optimization. Mixed-Integer Convex Programming (MICP)
has emerged as a particularly e ective framework for this approach. MICP
formulations for temporal logic constraints are fundamentally NP-hard due
to their combinatorial nature. Nevertheless, researchers have developed several
approaches to reduce computational complexity.

Smoothing Approximation Methods Smoothing-based methods transform a
discrete logical satisfaction problem into a continuous optimization problem
which can be solved by gradient-based techniques. Gilpin et al. (Gilpin et al.,
2020) introduce a smooth robustness metric for STL that measures logical
soundness on top of the gradient-based method. Mehdipour et al. (Mehdipour
et al.,, 2019) develop an average-based robustness for continuous-time STL
speci cations that provides a smoother quantitative semantics. Pant et
al. (Pant et al., 2018) propose a Yy-by-logic approach for multi-drone eets
leveraging smooth approximations to enable real-time control with temporal
logic objectives. While this method improves computational speed, it sacri ces
the completeness guarantees.

Binary Variable Reduction Methods Many other research also focuses on
improving MICP solver e ciency while maintaining completeness. One
approach is to minimizes the total number of binary variables. For example,
Kurtz and Lin (Kurtz and Lin, 2022) proposed disjunction encodings that use
logarithmic numbers of binary variables, thereby improving scalability for long-
horizon speci cations.
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Convex Relaxation Tightening Methods Another approach focuses on designing
MICP formulations with tighter convex relaxations to improve branch-
and-bound e ciency. Marcucci and Tedrake (Marcucci and Tedrake, 2019)
compared several formulation approaches for optimal control of piecewise-a ne
systems. Their later work (Marcucci, 2024; Marcucci et al., 2023) introduced
Graph-of-Convex-Sets, designing optimization formulations with tighter convex
relaxations for motion planning around obstacles leveraging a structure similar
to network ows. The bene ts of tighter convex relaxations for motion planning
under LTL are further explored by Kurtz and Lin (Kurtz and Lin, 2021, 2023).

In this paper, we present Logic Network Flow, a novel formulation that
provides provably tighter convex relaxations for temporal logic speci cations
while maintaining both completeness and soundness guarantees. Our approach
signi cantly improves computational e ciency for temporal logic planning
problems compared to existing methods.

Applications to Robotic Systems

Recent years have witnessed increasing applications of temporal logic in
robotic motion planning and control (Kress-Gazit et al., 2009; Plaku
and Karaman, 2016). Among these diverse applications of temporal logic,
two particularly interesting research directions have emerged: multi-agent
coordination leveraging robot teaming, and integration with complex dynamic
models for platforms such as legged robots.

Multi-Robot  Coordination Multi-robot coordination under temporal logic
speci cations has been studied across di erent types of teaming. For
homogeneous teams, researchers have developed specialized approaches for
speci ¢ platforms: Pant et al. (Pant et al., 2018) and Cardona et al. (Cardona
et al., 2023b) utilize temporal logic speci cations for coordination of drone
swarms, while Kress-Gazit et al. (Kress-Gazit et al., 2008) and Scher et al. (Scher
and Kress-Gazit, 2020) incorporate car-like behaviors and dynamics for
navigation in urban environments or warehouses. Recent work has increasingly
focused on heterogeneous teams that combine di erent robot types to leverage
their complementary capabilities. Schillinger et al. (Schillinger et al., 2018)
introduced a framework that simultaneously handles task allocation and
motion planning for heterogeneous multi-robot systems under temporal logic
speci cations. Zhou et al. (Zhou et al., 2022) introduced speci ¢ planning
strategies for teams combining quadrupedal and wheeled robots.

Motion Planning for Bipedal Locomotion Bipedal locomotion planning has
traditionally leveraged optimization-based approaches with prede ned goals,
such as (Kuindersma et al., 2016) and (Huang and Grizzle, 2023). More recently,
researchers have begun integrating temporal logic with more complicated
dynamic models for bipedal locomotion. Zhao et al. (Zhao et al.,, 2022)
presented a framework for reactive task and motion planning for whole-body
dynamic locomotion handling logical speci cations. Gu et al. (Gu et al., 2024)
proposed a signal temporal logic-guided model predictive control approach for
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bipedal locomotion resilient to external perturbations. These works demonstrate
that temporal logic can e ectively describe complex locomotion tasks while
respecting the dynamic constraints of robots. In our work, we further advance
this direction by integrating LNF with Linear Inverted Pendulum models,
allowing bipedal walking robots to synthesize trajectories under temporal logic
constraints on terrains with prede ned safe contact regions.

Nomenclature (place holder)

G =(V;E) Directed graph with vertices V and edges E
Vs, Vi Source and target vertices in the graph
Eln. pout Incoming and outgoing edges of vertex v
=*F 4;::1, jj9  Setof predicates in the temporal logic formula
Pe Set of predicates associated with edge e
z 2Bi ] Vector of binary variables for predicate satisfaction
zi Binary variable indicating satisfaction of predicate ;
Ye 2 B Binary variable indicating if edge e is traversed
1.2[0;1p Flow variable vector associated with edge e
He2BMe 1] Selection matrix for predicates on edge e
Ne Number of predicates associated with edge e
1n, Vector of ones of length ng
LNF Logic Network Flow
LT Logic Tree
MILP Mixed-Integer Linear Programming
STL Signal Temporal Logic
MTL Metric Temporal Logic
LTL Linear Temporal Logic
B&B Branch and Bound
Background

Piecewise-A ne Dynamic Systems
We consider a discrete-time dynamical system in the form of

Xk+1 = F(Xk; Uk) ®

where X, 2 X R™ Bz represents the state vector, consisting of continuous
variables of size ny and binary variables of size n,; ux 2 U  R"v represents the

indices. Given the control input at each time step and the initial state of the
trajectory Xo 2 Xp, Where Xq is typically a singleton set containing only the
initial condition, a run of the system is expressed as = (XoUp)(X1U1) via
rolling out Egn. ().

While Eqn. (1) captures general nonlinear dynamics, a wide range of nonlinear
dynamic systems can be e ectively approximated by Piecewise A ne (PWA)
models (Sontag, 1981). PWA systems naturally translate into mixed-integer
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convex programs (Marcucci and Tedrake, 2019), which is suitable for our

the state and control trajectories. We rst de ne a collection of polytopes
(i.e., bounded polyhedra): D; , f(xx;uk) j Hixx + Hbux h'g, where i 21
denotes the index set. The dynamics of the discrete-time PWA systems is
expressed as:

Xir1 = Alxy + Blug (2a)
Hixe+H5u, h' for somei2 1 (2b)

where A’ 2 R™ "< and B' 2 R™ " are the system matrices, and H} 2
RNe Mx HY 2 R" Nu and h'2 R" are the constraint matrices and vector,
respectively.

Temporal Logic Preliminaries

In this paper, we focus on bounded-time temporal logic formulas built upon
convex predicates, speci cally Metric Temporal Logic (MTL) and Signal
Temporal Logic (STL), where the maximum trajectory length T to determine
logic satis ability is nite. We recursively de ne the syntax of temporal logic
formulas as follows (Belta and Sadraddini, 2019): > := jz?j*1"™N%2) 71
72 Blkako] T [kaka] T 71 Upkaiko] T2, Where the semantics consists of not
only boolean operations \and" () and \or" (), but also temporal operators
\always" ( ), \eventually" ( ), and \until" (U). », 73, 7, are formulas,
and is an atomic predicate X ¥ B whose truth value is de ned by the
sign of the convex function g : X ¥ R. In this paper, we assume that the
convex function is a combination of linear functions, which can be expressed
as g (xk)=(a )™x+b . Let =F 1:::; 1 Ig be the set of j j atomic
predicates. De ne the binary predicate variable z « 2 B for each predicate !
at timestep k such that:

(a )y xk+b O,Zikzl; ®)

(a i)>xk+bi<0 . Zk=0

The vector z collects these binary predicates across all predicates and
timesteps into a single vector:

z =[zé;20;:::;zO ;21;:::;zJT]> 4)
A run that satis es a temporal logic formula ” is denoted as = 7. The
satisfaction of a formula * having a state signal x beginning from time Kk is
de ned inductively as in Table 1.

STL provides a unique capability of admitting a robustness degree (Fainekos
and Pappas, 2009) of how strongly a formula is satis ed by a signal (Belta and
Sadraddini, 2019). A positive robustness value indicates satisfaction, and the
magnitude represents the margin of robustness against disturbances. Table 11
shows the semantics of the robustness degree of STL.
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Table 1. Validity semantics of Signal Temporal Logic

GKVFE 1N 72 » XKFT1IMNGK) FE 72
XKFE™1_72 - o(X;k)j:’1_(Xik)j:0’2
(%K) F Bikiika)” - 9k0 2 [k + kg k +ka]; (X ko)j: 7
GK)F o ke ” - 8k 2[k+kyk+k](xk)FE "~

R F "Uier™2 - 9K 2k +kik kel (GK) = 72
Bk 2[k+ki k]I k ) FE "1

Table 2. ROBUSTNESS DEGREE SEMANTICS

x; k) = (@) xk+b

2T (x; k) = (%K)

(k) = min( ":(xk); 20 K))
T1-"2(x; k) = max( “1(x;k); “2(x;k))

> » 0
Claikal” (x; k) = MaXyoperk, krko) (O ko )
kel (x; k) MINO Sk ki) (O K)) .
"1V ka1 "2 (x; k) MaX40 14k, sk-rko] (MINC 206 K);
. "1 (x K”
mingoon 40 16K )

Optimization-based Temporal Logic Motion Planning

Built upon the mathematical foundations of PWA dynamics and temporal logic
speci cations, we now formulate the optimization problem that assembles these
components. We introduce the objective function of the form fopi( ;z ) =
forj(x;u;z )=x"Qx+uTRu+ Tz , where the quadratic terms x" Qx +
u'Ru can represent energy consumption, control e ort, or maximizing
robustness measures. The linear term Tz rewards the satisfaction of speci ¢
predicates. For example, this term can encode preferences for regions in the
state space with lower risks of failure.

We formally state the optimization problem for motion planning and control
under temporal logic constraints.

Problem 1. Temporal Logic Motion Planning with PWA Dynamics. Given
a system of the form (2) and a temporal logic speci cation ”, compute a
control input sequence u such that the resulting trajectory satis es = ” and
Tobj( ;2 ) is minimized.

Here we introduce our general formulation to solve Problem 1. The
fundamental idea is to design two formulations, one representing temporal logic
and the other one representing PWA dynamic systems. The two formulations are
then composed into a single formulation: the predicate variables z are shared by
both formulations, such that the temporal logic formulation guides the dynamic
system to guarantee that its behavior satis es the logic speci cations. This
integrated approach leads to the following optimization formulation:
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Formulation 1. Optimization Formulation for Temporal Logic Motion
Planning with PWA Dynamics.

minimize fopj( ;Z )
Y 4

s.t.  Eqgn. (2); X 2 Xo (PWA dynamics)
Egn. (3); 8k;8 2 (Atomic predicates)
Ciogic( 52) O (Temporal logics)

where the temporal logic formulation is represented as a set of constraints
denoted by Ciogic( ;z ) 0. The vector represents the variables speci c to the
logic formulation (e.g., edge variables in LNF or node variables in LT, as we will
introduce later). The binary variables z connect the two formulations through
atomic predicates that indicate whether the dynamic system satis es speci ¢
logical conditions. In the following sections, we will explore di erent versions
for the temporal logic formulations and PWA dynamics while maintaining this
general optimization structure.

In the next section, we present the Logic Tree approach, a traditional method
for encoding temporal logic constraints into mixed-integer programs. This will
provide the foundation for understanding our proposed Logic Network Flow
framework in Section V.

Logic Tree

Logic Tree (Wol et al., 2014; Raman et al., 2014), also referred to as STL
Tree (Kurtz and Lin, 2022), STL Parse Tree (Leung et al., 2023), and AND-OR
Tree (Sun et al., 2022), is a hierarchical data structure encapsulating temporal
logic formulas to facilitate e cient optimization solve. Here we rst provide its
de nition and an example of translating a temporal logic formula to a Logic
Tree:

De nition 1. A Logic Tree (LT) T  constructed from a temporal logic
speci cation ” is de ned as a tuple ( ; ;N; ), where:

e 27, _g denotes the combination type;

« =f %:::; Tligis the set of j j predicates associated with each leaf
node in the tree T . Each leaf node is assigned a variable z  to indicate
its validity.

at least one child, where the root node is denoted by T~ = T "°. Each node
is associated with a temporal logic formula ”; and a combination type
Similarly, each internal node is assigned a variable z'' to indicate the
formula’s validity.

e =ftTo;t’ ;i tng [t it g is a list of starting times
corresponding to each of the temporal logic formulas at the internal nodes
and predicates at the leaf nodes.

10
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(V, % = 0)

[990 = 0[0,2] D[OJ]W)]

o1 =Upyr || P2 =Upym w3 =L ym
(A 171 =0) (At =1) (A 195 =2)

T Ut (le (sz Up) 3

Figure 1. The Logic Tree for 30.2;( [0:17 ), given in Example 1.

Example 1. Consider a speci cation 3jg;21( [0:17 ) Whose corresponding LT
is shown in Fig. 1. This tree has 10 nodes including 6 leaf nodes and 4 internal
nodes. The root node has a combination type of disjunction corresponding to the
operator 3 in formula and three second-level conjunction nodes correspond to
the operator  in the formula.

To formulate Problem 1 in the context of LTs, we specify:

Problem 1.1. Temporal Logic Motion Planning with PWA Dynamics using
Logic Tree. Given a system of the form (2) and a temporal logic formula
>, construct a Logic Tree T~ according to De nition 1, and then compute a
control input sequence u such that the resulting trajectory satis es = ” and
Toni( 5z ) is minimized.

To encode temporal logic constraints represented by the LT into an
optimization formulation, the works in (Wol et al., 2014) and (Raman
et al., 2014) propose an MILP where binary variables are assigned to both

each internal node with a conjunction combination type: ” = ’\f’zl’i where 7
is either a formula or a predicate of the child nodes, the following constraints
are enforced:

z zhoi=1p (5a)

z 1 p+ zi (5b)

Similarly, for each internal node with a disjunction combination type: ~ =
_i—,7i , the following constraints are applied:

z z''hoi=1000 (6a)

z zV (6b)

11
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On the root node, z’°o=1 must hold to satisfy the temporal logic
speci cation.

After constructing the Logic Tree T, we present the following formulation
to solve Problem 1.1, which is identical to equation 15 reviewed by (Belta and
Sadraddini, 2019):

Formulation 1.1. Optimization Formulation for Temporal Logic Motion
Planning with PWA Dynamics using Logic Tree.

minimize fo( ;2 )
Z I Z

s.t.  Eqgn. (2); Xo 2 Xp (PWA dynamics)
Egn. (3); 8k;8 2 (Atomic predicates)
Egn. (5) (6); 8T 2N

. (LT constraints)
z°=1

where Ciogic from Formulation 1 is replaced by the speci ¢ Logic Tree
constraints (5) and (6), and the variables are replaced by z”~, de ned as:

z =[z°z %z 2B @
Notably, constraints (5) and (6) guarantee that if all child variables z”# take
binary values, then the parent variable z~ will also take a binary value. This
inductively guarantees that as long as the variables z at the leaf nodes are
binary, variables z i at the internal nodes take binary values. However, we
explicitly enforce binary constraints on all variables to ensure mathematical
completeness of the formulation.
To illustrate this formulation, we apply it to Example 1.

Example 1.1. Example 1 Continued. We present Formulation 1.1 for
Example 1. For the disjunction node at g, (6) translates to:

X

z°o=1, z° z%i=123 z° z'
i=1
For the conjunction nodes at ~j, j 2 1;2;3g, (5) translates to:

. . >
z3i oz 82l zi 1+ zx
k21;

where 1, = f1;2qg, 1, =12;3g, and I3 = f3;4g. The constraints above replace
Clogic( 4 ) 0.

Branch and Bound

The problem formulation proposed in this study is a mixed-integer linear
program (MILP), which is known to be NP-complete (Karp, 2010), and Branch

12
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and Bound (B&B) is a well-received method to solve MILPs. For a feasible
optimization problem, B&B converges to the global optimum; otherwise, it
provides a certi cate of infeasibility. In this section, we brie y introduce B&B,
and refer readers to (Conforti et al., 2014) for a more detailed description.
Consider an MILP with continuous variables x 2 R™<, binary variables
z 2 B"=, and an optimal objective value LP . B&B maintains a search tree,
where each node corresponds to a linear programming (LP) problem. These
LP problems on nodes are created by relaxing some binary variables z[j],

root node of the tree is a linear program LPg, that relaxes all binary variables
to continuous variables.

Each LP; in the search tree is associated with a lower bound, LP;, on its
optimal objective value LP; . Heuristics are applied to e ectively obtain upper
bounds. The B&B algorithm also keeps an incumbent solution, LP, which is
the best objective value found so far. This value also serves as an upper bound
on LP . If no feasible solution has been found up to the current iteration, LP
is set to +1.. The success of B&B relies on e ciently pruning the search tree
using both upper and lower bounds, which occurs when LP; is a tight lower
bound of LP;, and LP is a tight upper bound of LP (Conforti et al., 2014).

The relaxation gap of B&B is de ned as G, =jLP LPj=jLPj, where LP
is the best lower bound among all LP;. G4 is used to measure the tightness
of bounds and the solver will terminate when G, = 0. In particular, the root
relaxation gap is de ned as Gy = jLP  LPgj=jLPj.

Logic Network Flow

This section presents our Logic Network Flow formulation. Section
introduces the de nition of LNF and proposes an algorithm to construct the
network structure from temporal logic speci cations. Section introduces the
optimization formulation leveraging this network ow representation, while
Section introduces a network- ow-based Fourier-Motzkin variable elimination
that improves computational e ciency.

Logic Network Flow

In this paper, we propose a novel formulation to encode signal temporal logic
speci cations, named Logic Network Flow (LNF). We rst provide the de nition
of LNFs.

De nition 2. A Logic Network Flow F~ from the speci cation ” is de ned as
a tuple (G;P; ; ), where:

e G =(V;E) is a directed graph with a vertex vg 2 V be the source vertex
and a vertex v¢ 2 V be the target vertex.

node in the tree T~ (as in Def. 1). The binary vector z is de ned as (4)
representing the truth values of all predicates in  at given times.

13
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{77'1, 9, 7T3}4>.

Figure 2. An illustration of the strategy to translate conjunction and disjunction
combination types from a Logic Tree to a Logic Network Flow in Algorithm 1.

e P is a collection of sets of ne (ne | J) possibly negated predicates that
must hold true (or false if negated) to pass through each edge e 2 E, de ned
asPe:=TF jj i2 requiringz i=1(orz i =0if ;is negated)g2 P.

predicate in

Let e 2 E denote any edge in the LNF. For each vertex v 2 V, we de ne E!"
as the set of incoming edges to v and ESU* as the set of outgoing edges from v.
We present Algorithm 1 that translates an LT into an LNF. Note that a similar
approach can also be used to construct LNFs directly from STL speci cations.
We initialize with BuildNode(T "°; vs; e; Pg), where vs is a source vertex, e is a
\dangling" outgoing edge e 2 E9"* without any target, and P, = ? is an empty
predicate set for edge e. The algorithm performs a post-order traversal of the
logic tree, constructing a new vertex in the LNF when completing a disjunction
node (line 13). Directed edges are generated only from a previous disjunction
node to nodes built after it, ensuring the post-order traversal forms a topological
sorting and the resulting graph is acyclic. The algorithm returns the target
vertex v¢. Figure 2 illustrate the conversion of LTs to LNFs for conjunction and
disjunction nodes.

Given the de nition of LNF, we can formulate the Problem 1 in the context
of LNFs. We state:

Problem 1.2. Temporal Logic Motion Planning with PWA Dynamics using
Logic Network Flow. Given a system of the form (2) and a temporal logic
formula ~, construct a Logic Network Flow F~ according to De nition 2, and
then compute a control input sequence u such that the resulting trajectory
satis es = 7 and f,( ;z ) is minimized.

Optimization Formulation

Given a F~, we propose an optimization formulation with a tighter convex
relaxation. For each edge e 2 E in the LNF, let y. 2 B indicate if the edge is
travergd by the ow, with a total of one unit of ow entering the network
(i.e., ezEguc Ye = 1). We also associate a multi-dimensional continuous ow
variable 1, 2 [0;1] J to each edge, with its in- ow at vs being z . The idea
of associating continuous variables with edges in network ow structures was
introduced by the Graph-of-Convex-Set (GCS) formulation (Marcucci, 2024),
where continuous ow variables represent dynamic trajectories that must satisfy

14
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Algorithm 1 BuildNode

Input: An LT node T i, a vertex v, an outgoing edge e of v, and a predicate
set P, for edge e.

Output: A vertex v, an outgoing edge e of v, and a predicate set P, for edge e.

1: if TP = s a leaf node then

2: Add to Pe.

3: return v, e, Pe

4: if (T71) =~ then

5: for each child T3 of T7i do

6: v, e, P = BuildNode(T i, v, e, Pe)

7: returnv, e, Pe

g if (T79) =_ then

o: (Assume n to be the number of subnodes of T #)

10: Duplicate e, P for n 1 times, denote as g;j, Pe;j, wherej =1;:::;n.
11: for each child T of T7i do

12: V, €0:j, Po:j = BuildNode(T 1, v, €j, Pe;j)

13: Initialize a new vertex v-,, an outgoing edge e-,, and asetPe. =7

for the edge e-,
14: Assign E\? = feqj, J =1;:::;ng.
15: returnv-;, e-;, Pe.,.

convex set constraints. Our LNF formulation adapts this concept to the logical
domain, where ¥ represents predicate truth values.

We de ne the convex set constraint to represent the logical requirements,
such that if the in- ow passes through an edge e, we require 1[i] =1 for each
non-negated predicate ; 2 Pe, where ; is the it predicate in ; for negated
predicates - ; 2 Pe, we require ¥ ¢[i] = 0. For predicate ;’s that do not appear
in Pe, we do not constrain !.[i]. This requirement can be expressed as two
convex set constraints that need to be enforced simultaneously:

e YeVe; Ye 1 VYeVe ®)

where v 2Bl J and v, 2B/ I are arti cially designed column vectors to
help encode the logical constraints. Speci cally, vo[i]=1 if 2P, and 0 if
otherwise, and v, [i] =1 if - ; 2 Pe and 0 if otherwise.

For logical consistency, we also ensure that when all predicates in the set Pg
are satis ed, the edge e is traversed (ye = 1). This is identical to constraint (5b):

- - X - x -
Ye 1 |JPej+ z'+ 1 z9 ©
i2Pe o i2Pe
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Figure 3. The Logic Network Flow for 30.21( [0;17 ), given in Example 2.

For each vertex v 2 V with the input edges E!" E and the output edges
ESUt E, ow conservation constraints are enforced for both ye and ¥e:

X X
Ye = Ye (10a)
2Ein 2EQut
< =
1, = ', (10b)
e2Ein e2EQut

In addition, ow conservation constraints are imposed on the source vertex v,
where one unit of ow is injected:

<
1= Ve (11a)
e2EQut
z = R (11b)
e2EQut

In summary, the LNF formulation ensures that a continuous in- ow z passes
through the graph from the source vertex to the target vertex. If z reaches the
target vertex, the speci cation ” is satis ed.

Example 2. Consider the same logic speci cation as Example 1. Fig. 3 draws
the corresponding LNF. This LNF consists of 3 edges and 2 vertices: vs and
v¢. The variables in the LNF are [y1;y2;y3], Vi 2B, and [14; 1,; 13], ¥; 2 B4,
Edge 1 is associated with the predicate set P; = fz 1;z 2g containing only
non-negated predicates, so the rst inequality constraint in (8) simpli es to
1, y{[1;1;0;0]". Similar constraints are applied to Edge 2 and Edge 3. For
the source vertex vs, the ow conservation constraints are y; +y, +y3z =1 and
z =1, +01,+ 15

After constructing the Logic Network Flow F~, we present the following
formulation to solve Problem 1.2:
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Formulation 1.2. Optimization Formulation for Temporal Logic Motion
Planning with PWA Dynamics using Logic Network Flow.

m;i>r/1;i!rr;12ize Tobj( ;2 )

s.t.  Eqgn. (2); Xo 2 Xo (PWA dynamics)
Egn. (3); 81,8 2 (Atomic predicates)
Egn. (8); 8e2E

LNF constraints
Egn. (10);(11) 8v2V ( )

where Cogic from Formulation 1 is replaced by Logic Network Flow constraints
(8), (10), and (11), and the variables are replaced by y, I, de ned as:

Y =[y1;ya::iyglt 2 BIS (12a)
V=[]l T 2 [0; 1pEl (12b)

Network- ow-based Fourier-Motzkin Elimination

With the established LNF formulation based on GCS, we now address its
computational complexity. While GCS provides tighter convex relaxations, it
introduces additional continuous ow variables that can slow down computation.
In (Marcucci et al., 2023), the authors suggest using parallel computing to
improve the solving speed for the convex relaxations of GCS.

We take a di erent approach by introducing a novel network- ow-based
Fourier-Motzkin procedure to reduce the number of variables in the formulation
while maintaining the same tightness of relaxation. Speci cally, this procedure
eliminates the ow variables ¥, and replaces the ow conservation constraints
with inequality constraints. While this technique could simplify general GCS
formulations, we focus here on demonstrating how it can be used to simplify
our LNF such that the computational performance is improved without using
parallel computing.

We notice that constraint (8) already provides explicit bounds on all

ow variables 1.. These inequalities can be directly used to eliminate the
ow conservation constraints (10b) and (11b). Starting with the source
vertex constraint (11b), we replace each I, on the right-hand side with the
corresponding upper and lower bounds from (8). This substitution eliminates
1. and generates two sets of inequality constraints that involve only z and y,

variables: > >
z er;; z 1 VYeVe (13)

e2EQut e2EQut

Constraints (13) are added to the formulation in place of (11b). Note that
(13) are equivalent to (8) and (11b) in terms of the feasible set for z , hence

these variable eliminations preserve the tightness of the convex relaxation. See
Appendix for a detailed proof.
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We then propagate the ow out of vs. Consider a vertex v where the full set
of input ow variables to it, 1. for e 2 EI", appears on the right-hand side of
(11b). We can replace these variables with the corresponding output ows from
v through the ow conservation constraint (10b) at v:

= =
z = .+ LI

e2EQUtnE]" e2EQut

This substitution renders new constraints with the same structure as (11b),
but with di erent . variables on the right-hand side. We then apply the same
substitution process described in the previous paragraph, replacing each ¥,
with its bounds to generate constraints involving only z and ye. These derived
constraints are added to the formulation.

In addition, inequality constraints can be generated between input and output
edge variable y¢’s by combining (8) with ow conservation (10b) at vertex
v.* When there are non-negated predicates in the input edges and negated
predicates in the output edges, or vice versa, we have:

X . >
YeVe 1j j YeVe (14&)
e2Ein e2Egut
i j  VYeVe er;— (14b)
e2Ein e2EQut

These inequalities become signi cant when the same predicate appears with
di erent negation statuses on input and output edges, as shown in Appendix .
After constructing the LNF, we can identify these cases by examining predicates
that appear both negated and non-negated on both sides of a vertex to ensure
the necessary additional inequalities are added to the formulation.

After adding these derived constraints to the formulation, the ow
conservation constraint (10b) at vertex v can be removed. We continue this
process iteratively, propagating ows through each vertex in the network until
reaching vy, when no further propagation is possible. After completion, we
remove redundant constraints such as z # 0. Fig. 4 illustrates this process
on an LNF with a simple structure.

At this point, the ow variables ', and their associated constraints in
(8), (10b), and (11b) have been completely removed, replaced by inequality
constraints between z and y, variables. This transformation comes to a
formulation with signi cantly fewer continuous variables while maintaining the
same tightness of convex relaxation as the original formulation presented in
Section .

Example 2.1. Example 2 Continued. We build upon Example 2 to
demonstrate the variable elimination procedure. The graph consists of two

*In fact, similar constraints can also be generated from propagated ow conservation
constraints, but we omit this discussion for brevity.
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Figure 4. lllustration of the Network-Flow-Based Fourier-Motzkin variable elimination
process. Top: Starll_;;ng from source vertex vs, constraints (8) (¥i  vyiv;, i:,= 1;2;3;4)
and (11b) (z = ?:1 1) are replaced by a single inequality (13) (z le Yivy),
tigys eliminatjag ow variables ¥4 through 4. Middle: Flow conservation at vertex v

( ?:1 I = J7 1;) is applied, generating a new constraint with the same structure
as (112) (z = 1.7:5 1;). When combined with convex set constraints, this yields

z }:5 Vi vj+. Bottom: This process continues iteratively, propagating ows through
the network until reaching target vertex v, at which point no further propagation is
possible.

vertices: vs and v¢. Applying the inequality constraints from (8) to the
oW conservation constraint at vs gives z = 1,1+ 1, + 13 y[1;1;0;0]" +
y2[0;1;1;0]" +y3[0;0;1;1]". This gives the following set of constraints:

yi+y2+ys=1
y1  z [1];
yi+y: z [2];
y2+ys z [3];
ys z [4]

For comparison, recall from Example 1.1 that the constraints derived from the
three conjunction nodes in the Logic Tree formulation are:

zr oz zr oz [2;

z2 zJ[2;, z2 z[3;
z3 z[38; z3 z[4]
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Figure 5. The LNF and LT for disjunctive normal form.

Note that y; and z i are equivalent. Comparing these constraints from LT with
the last 4 constraints of LNF, we can observe that the LNF formulation yields
tighter convex relaxations, which will be formally proved in the next section.

To conclude this subsection, we note that while this paper focuses
on formulating temporal logic speci cations, the proposed Fourier-Motzkin
elimination process can be applied to simplify the general class of GCS
formulations by removing ow variables, thereby improving computational
performance without sacri cing relaxation tightness. In Appendix , we illustrate
this by applying it to the minimum-time control of discrete-time linear systems
from Chapter 10.1 of (Marcucci, 2024).

Proof of Tighter Convex Relaxation

We now present a theorem stating that our proposed LNF formulations provide
convex relaxations that are provably tighter than those from LT formulations.
Speci cally, we prove that for any problem setup including cost coe cients Q, R,

, and initial conditions Xq, the optimal cost of the convex relaxation of LNF is
greater than or equal to that of LT. We denote the convex relaxation problems of
LNF and LT as LNF-r and LT-r, respectively, with their corresponding optimal
objective values denoted by f, \, and T _.. The following theorem formalizes
this result:

Theorem 1. For any given Q, R, , and Xgq, if the convex relaxation problem
LNF-r is feasible with an optimal cost f; .., then the convex relaxation problem
LT-r is also feasible with an optimal cost f,,.,. T, yp,-

Proof. Without loss of generality, we can assume the logic speci cation
takes disjunctive normal form: * =_[ ANk, . where |, represents a
possibly negated predicate. Any logic speci cation can be converted into a
disjunctive normal form using standard techniques (Jackson and Sheridan,
2004). Constructed using Algorithm 1, the LNF for disjunctive normal form
speci cations has a structure where ows originate from a source vertex vs and
pass through multiple edges, each corresponding to a conjunctive term in the
disjunctive normal form. The edge corresponding to the k-th conjunctive term

AN k. has a predicate set Py = F ;i kn, 9 SOome of the predicates
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may be negated. Each edge originating from vs terminates at the sink vertex v,
as shown in Fig. 5.

The convex predicate constraint (8), ow conservation constraints (10) and
(11), and logic consistency constraint (9) for this structure can be expressed as:

Ll yks 8 j 2Pk

gl @ Yk);xs 12 Pk)(

Ve 1 jPj+ zJ+ 1 z4d
j2Pk z j2Pk

After applying the variable elimination, we arrive at the convex relaxation
problem LNF-r for this structure:

minimize X'Qx+u Ru+ 'z
Yz
X
subject to Yk =1 (15)
k=1
forj=1;::55) j
z1 Yk (16)
k=1;:::;m
=3
z! (') 17)
k=1;:::;m
2Pk
fork=1;:::;m
X X
Yo 1 jPyj+ zJ+ 1 z1i (18)
j2Pk - j2Pk
(2); X02Xo; (3); 81;8 2 (19)

The same disjunctive normal form speci cation also gives the Logic Tree as
shown on the right side of Fig. 5. Using this structure, we can formulate the
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corresponding convex relaxation problem LT-r as:

minimize X' Qx+u'Ru+ Tz
subjectto z ° = (20)
zo z'x; k=1;:::;m (21)
. X,
z° Zk (22)
k=1
forj=1;:::5] ]
fork=1;:::;m
z3i z'% if 2Py (23)
z3i (1 z'%); if: j2Pk (24)
fork=1;:::;m
. =< =<
zk 1 P+ zi+ 1 zi (25)
2Pk T 2Pk
(2); X02Xo; (3); 81,8 2 (26)

Let ( ;y ;z ) be an optimal solution for LNF-r. We construct a solution for
LT-r by setting = ,zk=y fork=1;:::;;m,z°=1,andz =z

We ve'gfy that this solution is also feasible for LT-r. First, constraint (15)
ensures km:l Y, = 1, which guarantees the satisfaction of (20), (21), and (22)
in LT-r.

Second, we verify that constraints (23) arig (24) are satis ed. For non-negated
predicates, constraint (16) ensures z i k2P Yk Yk = z'« for any j, k
where ; 2 Py, thus satisfying constraint (23). For negated predicates, constraint
(17) similarly guarantees that constraint (24) is satis ed.

The dynamics constraints (2) and predicate constraints (3) in (26) are
automatically satis ed since ( ;z ) already satisfy the corresponding
constraints in the LNF-r formulation.

Since this constructed solution is feasible for LT-r and achieves the same
objective value as the optimal solution of LNF-r, we have f +, T \e.r

Obviously, the converse of Theorem 1 does not hold. Consider a counter-
example with m =2 edges, predicate sets P; =F 3; 20, Po=F ,; 30,
and uniform cost coe cients =1[1;1;1]. The atomic predicates represent
constraints on a single integrator system X¢+; = X¢ + Uy with state and input
bounds jxi 1;jug 1, where 1 enforces x; =1, , enforces x, =0, and 3
enforces x; = 1. These predicates are implemented using big-M constraints:
2zt 1 x4 1for 1,z2 1 X 1 z2for ,,and 1 x; 1
2z 3 for 3. We nd that LT-r admits an optimal solution (y ;z )=
(0:5; 0:5; 0:5; 0:5; 0:5) with optimal cost f/+_, = 1:5. However, this solution is
infeasible for LNF-r, which instead has optimal solution (y ;z ) =(2;0;1;1;0)
with optimal cost 2. The binary solutions for both formulations achieve cost 2,
resulting in a 25% gap for LT while LNF maintains zero gap.
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The ow conservation constraint plays a key role in tightening the convex
relaxation. Intuitively speaking, it \couples" the predicates across di erent
branches of the disjunction node, resulting in multiple terms on the right-hand
side of constraints (16) and (17). This coupling would not be possible if LT were
used as the underlying data structure, since in a Logic Tree, each predicate
under a node has only a single parent node, resulting in one-to-one inequality
constraints as seen in (23) and (24).

We also show that the LNF formulation is sound, meaning any solution from
the LNF formulation correctly satis es the original problem speci cation, and
complete, meaning if the problem speci cation is satis able, LNF formulation
will nd a solution. The proofs are provided in Appendix .

Computational Complexity

The computational complexity of mixed-integer convex programs (MICPS) is
dominated by the number of binary variables, with the worst-case computation
time exponential to the number of these variables. Both LNF and LT
formulations introduce binary variables: LNF introduces edge variables y and
atomic predicates z , while LT introduces node variables z~ and atomic
predicates z . The atomic predicates z appear identically in both formulations.
The number of them is proportional to the planning horizon length and the
number of predicates at each timestep.

In addition, LNF formulation introduces one binary variable y, for each edge
e 2 E, resulting in O(JE]j) binary edge variables. According to Algorithm 1, jEj
corresponds to the sum of the number of child nodes across all disjunction nodes
of the original Logic Tree.

In comparison, LT formulation introduces one binary variable z”i for each
internal node ~; in the tree. Bounded-time temporal operators like 3y, .¢,; lead
to t; t; +1 internal nodes per operator. Therefore, the number of internal
variables is proportional to both the number of operators and the size of their
associated time bounds.

In most practical logic speci cations, the additional binary variables
introduced by LNF (y) and LT (z”) are approximately equal in number. The
only exception occurs when edges contain single predicates, where LNF may
introduce additional edge variables compared to LT.

Both LNF and LT formulations introduce continuous variables associated
with the underlying dynamics. Assuming they use the same dynamics
formulation, the numbers of these variables are identical. Notably, the Fourier-
Motzkin process removes the continuous ow variables ' from the LNF
formulation, which would cost additional computational overhead.

For constraints, LNF introduces ow conservation constraints (10a) and
(11a) for each vertex in V. The Fourier-Motzkin process also generates O(j j)
inequality constraints for each vertex, as it propagates the ow from source
Vs vertex-by-vertex towards target v¢. However, many of these constraints
are redundant and can be removed. Therefore, while the theoretical number
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of constraints is O(jVjj j), the practical implementation typically requires
signi cantly fewer constraints.

In comparison, for LT formulation, the number of constraints is again
proportional to the number of internal nodes of the tree, as each internal node
introduces constraints relating its node variable to its parent.

For speci cations in disjunctive normal form as shown by the proof of
Theorem 1, LNF introduces an inequality for each predicate, resulting in
j j constraints. On the other hand, LT introduces one inequality for each
appearance of a predicate in di erent conjunction terms, leading to more than
j J constraints.

To conclude, LNF formulations yield tighter convex relaxations than LTs,
while generally not increasing the number of variables and constraints. This
leads to overall faster solution times, as demonstrated in our experimental results
in Section .

Modeling of Dynamic Systems

While the Logic Network Flow (LNF) framework provides an e cient
representation for temporal logic speci cations, its practical application to
robotics requires integration with appropriate dynamic system models. In this
section, we review a series of existing approaches for modeling robot dynamics
that can be integrated with our LNF framework. This integration forms a
comprehensive toolbox, allowing practitioners to select the dynamic system
representation that best suits their speci ¢ robotic applications.

Abstraction of Dynamics in Discrete Con guration Space using
Dynamic Network Flow

Our rst approach is to abstract the dynamics constraint in (1) using a Dynamic
Network Flow (DNF) (Aronson, 1989). This approach is also used in (Kurtz
and Lin, 2021) for motion planning under MTL speci cations. We start by

corresponds to a physical location p; in the con guration space. The vertices
(e.g., from p; to p;) are connected by directed edges with associated travel times
and costs from p; to p;. This graph structure is then transformed into a DNF by
expanding it along the time dimension. While this concept has been utilized in
several works such as (Yu and LaValle, 2013), we provide an explicit de nition
for completeness. We formally de ne:

De nition 3. Temporal Graph. A Temporal Graph is a tuple Gq =
(Va;Ed; Ta; Ca; 5 Vs), where:

e Vg ="Tp1;p2;:::;pmg is a nite set of vertices where each vertex pj
corresponds to a spatial location p; 2 X in the con guration space.

= Eg Vg Vg is aset of directed edges, where each edge eq = (pi; pj) 2 Eq
represents a movement from location p; to location p;.
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e Tq:Eq ¥ R™ is a function that assigns a positive travel time to each edge.

e Cq:Eg ¥ N7 is a function that assigns a positive integer capacity to each
edge representing the maximum number of robots that can traverse the edge
simultaneously.

e k:Eg ¥ R™ is a cost function that assigns a (potentially time-varying)
positive real cost to each edge representing the cost of traversing that edge
at time k. This includes self-loop edges representing the cost of staying at
a vertex for one unit of time.

e Vs Vq is a set of source vertices representing initial positions for multiple
robots.

A temporal graph can be constructed for a robot system of interest by
collecting a library of trajectories for this robot system o ine, and then building
a graph structure out of the trajectory library. This is also referred as experience-
based planning (Coleman et al., 2015), where a database stores memorized
trajectories that can be retrieved and adapted to generate new trajectories. This
setup is particularly bene cial for large con guration spaces that include many
invariant constraints, such as planning within a (mostly) static environment.

We rst describe how to build a temporal graph for a system with a single
robot. This simpli es the problem as we do not need to address robot-to-robot
collision avoidance. The rst step is identifying the locations in the con guration
space that the STL speci cations may require the robot to visit (i.e., those
that make the atomic predicate z < = 1). These locations are represented by
a set of points fp,;::;; p,g. For each pair of these location vertices p;; p;, we
generate a feasible trajectory using motion planning algorithms that satisfy the
robot’s dynamic constraints. Each trajectory forms a directed edge e = (pi; p;)
in the temporal graph, associated with a travel time T4(e) representing a
(preferably tight) upper bound on the actual traverse time from p; to p;, a
cost (e) re ecting factors like energy consumption or terrain traversability,
and a capacity Cq4(e) = 1 for a single robot. Additionally, we assign a cost (p;)
to each vertex p; representing the cost of staying at that location for one unit
of time, modeling scenarios such as the severity of the disaster.

With the temporal graph for one robot, we proceed to build a Dynamic
Network Flow (DNF) with a time horizon N. For each vertex p; 2 Vg, we
augment it with discrete time step indices to create a sequence of vertices
p?;p¥;:::;pN in the DNF, where each pk corresponds to the visiting location
pi at time kdT. The time discretization dT is selected as the greatest common
divisor of all travel times such that all Tq(e)=dT take integer values (rounding
up Tq(e) if necessary to ensure integer multiples of dT). If traversing along
an edge e = (pi; pj) takes Tqy(e)=dT time steps, edges are connected from pi
k+Td(e):dT, 8k, such that k + Tq(e)=dT  N. Additionally, for each vertex

to p;
pi 2 V4 and time step k such that k +1 N, edges are connected from pX to

J
p}‘*l, representing the robot staying at the same location between consecutive
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Figure 6. Conversion from a Temporal Graph to a Dynamic Network Flow (DNF).
Upper: Temporal graph consisting of three vertices p1, p2, ps with travel times

Ta(p1; p2) = 2dT, Ta(p1;p3) =dT, and Tq(p2; ps) = 2dT. Lower: The resulting DNF
with time horizon N, where each vertex p; is expanded into a sequence of time-indexed
vertices p?: pt: :;plN. Green lines represent moving from one location to the next one,
while red lines indicate staying at the same location. The robot initially starts from vertex

P1.

time steps. Fig. 6 illustrates this conversion from a temporal graph to a DNF.
The DNF can be formulated as a linear programming (LP) problem, similar to
the standard network ow optimization. For each edge e = (pi; p;) 2 Eq, de ne
a continuous ow variable re 2 [0; 1] representing the ow carried by the edge.
We impose ow conservation constraints on the source vertices Vs and all other
vertices:

X >
e = re; 8p2Vy; k=1;:::;N (27a)
e2EM e2E°u"
re=1; 8p2 Vs (27b)
eZEF%lt
re =0; 8p2VygnVs (27¢)
eZEFC)’élt

where EF‘,L1 denotes the set of all incoming edges to vertex p at time step k, and
Eg.t‘t represents the set of all outgoing edges from vertex p at time step k.

For each edge eq = (Pi; Pj) 2 Eq, pi & pj, the ow incurs a cost (eq) rey
proportional to the amount of ow re,, representing the cost of the robot
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traversing from p; to p;. Similarly, a cost is incurred when the robot stays
at vertex p 2 Vg4, proportional to  (eg) re, Where this re, represents the ow
through the self-loop edge at vertexp. The objective function is:

X
fopj (r) = (€d) Teq (28)
eq2E4
wherer =[re,;fe,; it rejEdJ]T 2 [0;1]B¢J is the collection of all ow variables

in the DNF. To de ne atomic predicates for DNFs, for each predicate , we
de ne the set PV 4 containing vertices p whose physical locationsp satisfy
(a )>p+b 0. At any time step k, if the robot traverses any edge leading
into a vertex in P, then the predicate is satis ed at time step k. This can be
expressed as:

k =
I A (29)
p

In words, the binary edge variablesr. in the DNF, or their disjunctions, can
be treated as atomic predicatesz .

Through constraints (27), DNF de nes a special type of dynamics on the
discrete spaceX. The robot positions evolve according to pJ-k+T"(ed):dT
pK + uy, where eg = (pi;pj) and uy represent the discrete transition chosen
at time step k. This discrete transition system can be viewed as a special case of
the piecewise a ne dynamics, which replace the dynamics (2). With the DNF
formulation, the state variables are now replaced by ow variablesr, and

general atomic predicate (3) is replaced by constraint (29). We specify:

Formulation 1.3. Optimization Formulation for Temporal Logic Motion
Planning with DNF Dynamics.

minimize (28)
r; 3z

s.t.  Egn. (27) (DNF dynamics)
Egn. (29); 8k;8 2 (Atomic predicates)
Cogic( 5z ) O (Temporal logics)

Finally, we present a lemma stating that with z xed to binary values, the
DNF portion of formulation (1), with the objective function (28) and constraints
(27) (29), has a tight LP relaxation. That is, we do not need to explicitly
enforcer to be binary variables, as their optimal values will automatically
become binary. This justi es the selection of DNF for dynamic models, as when
integrated with LNF, it preserves the tightness of the convex relaxation. The
proof follows directly from standard network ow theory, so we omit it for
brevity, and readers can refer to Chapter 11.12 of (Ahuja et al., 1993).
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Lemma 2. Tight LP Relaxation of DNF.  The optimal solution r of the
following formulation takes binary values:

minimize (28)
r

s.t.  Egn. (27) (DNF dynamics)
Egn. (29); 8k;8 2 (Atomic predicates)
z xed to binary values

Incorporating Multi-robot Planning with Collision Avoidance on
Dynamic Network Flow

For motion planning on multiple robot systems, collision avoidance must be
considered among robots. In general, the robots can be heterogeneous (e.g.,
ground and air) that can take dierent paths, or manipulators installed at

di erent places. Each robot can have its own library of trajectories. To handle
collisions between robot trajectories in the DNF, pairwise collision checking is
performed on temporal graphs created by the trajectory libraries from their
associated robots. Three types of collision scenarios can be identi ed:

1. Vertex-to-vertex collisions. This includes when two robots attempt to
occupy the same spatial location simultaneously, or when two robots
attempt to occupy di erent spatial locations but are too close to each
other given the robots' physical dimensions.

2. Vertex-to-edge collisions.This occurs when a stationary robot at a spatial
location interferes with another robot's trajectory.

3. Edge-to-edge collisions.This includes robots moving head-to-head along
the same path in opposite directions, or robots moving along di erent
paths but colliding at a nite or in nite humber of intersection points
given the robots' physical dimensions.

All three types of collisions can be resolved through adding constraints to the
DNF formulation. Assuming R robots in the system, where roboti 2 f 1;::;;Rg
has its own temporal graph G, = (Vi; E}; T}; Cl; ;L) and corresponding ow
variables ri, for each edgee 2 E};, additional constraints can be added between
DNF ow variables to enforce collision avoidance following the approach
presented by Yu and LaValle (Yu and LaValle, 2016).

We de ne a general con ict set Cto contain robot-vertex pairs (i; p) and robot-
edge pairs {;e9 that cannot be active simultaneously. For vertex-to-vertex
collisions, C contains only robot-vertex pairs (i; p). For edge-to-edge collisionsC
contains only robot-edge pairs {;e%. We then enforce the following constraint
for every such conict set:

X X ) X )
re+ rle 1; 8k (30)

e
(iip)2cC e2E (e 9)2C
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This constraint ensures that at most one element from each con ict set can be
active at any given time step, thereby preventing all three types of collisions
from happening.

Note that these collision avoidance constraints break the tight LP relaxation
property established in Lemma 2 for single-robot DNF. Therefore, all edge
variables r, involved in collision avoidance constraints must be explicitly set
as binary variables.

Finally, if the robot team is homogeneous, one can use a single DNF for all
robots. In this case, vertex-to-vertex collision canlpe eliminated by constraining
the input degree of each vertex to be at most one ( e2E ", re 1). Edge-to-edge

collision can be eliminated by setting the edge capacityCq(e) = 1.

Incorporating Dynamics in Continuous Con guration Space

The previous subsections and abstract the dynamics in discrete con guration
space, which serves as a special case of PWA dynamics. In this subsection,
we present the big-M formulation for the general class of PWA dynamics in
continuous con guration space. Note that other formulations exist, such as the
convex hull formulation. Readers are referred to (Marcucci and Tedrake, 2019)
for a comprehensive comparison of di erent PWA formulations.

We examine formulating PWA systems using the standard big-M approach
(Bemporad and Morari, 1999). This method is widely used due to its ease of
implementation and general e ectiveness with modern MIP solvers, though it
can yield loose convex relaxations when the big-M constants are large. For each
polytope Dj, i 21, we introduce a binary variable i« to indicate that the
system statexy and input uy at time k lie within this polytope. The following
constraints ensure that at any time k, exactly one polytope constraint is satis ed
for the system state and input:

. . X )
Xk+1 A|Xk BIUk j;kM g (31&)
g(ZInf ig
Xk+1 AiXk BiUk j;kM g (31b)
j2Inf i

. . e 9y "

H|1Xk+H|2Uk h' + j;kMg (31C)
X j2Inf ig

ik =1 (31d)

i2l

which represent a detailed implementation of constraint (2). Constraints (31a),
(31b), and (31c) enforce that if polytope D; is active ( ix = 1), the associated
dynamics and domain constraints of modei are satis ed. Otherwise, when
ik =0, these constraints become inactive due to the big-M terms, e ectively
making them unconstrained. Meanwhile, constraint (31d) ensures that only one
polytope is active at each time step.

Smaller M}, M %, M } values provide tighter convex relaxations, which
generally lead to better computational performance. These values for each pair
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of modes {;j) 21 |  are minimized through:
2 53 2 i J. i iy, 3
M 1 ( A_ A_)Xk +( B_ B_)Uk
AmMU5:= max 4( Al + Al)xe+( Bl +B')ucS
Mij (Xk;uk)ZDj hi+HiX +Hiu
3 17k 2Uk

such that when mode j 6 i is selected (jx =1), the right-hand sides of
constraints (31a), (31b), and (31c) become su ciently large to render these
constraints inactive.

Equation (3) can directly be used to de ne atomic predicates for the big-
M formulation of PWA. Note that when H', =0 for all i 21, the big-M
formulation creates a direct connection between binary variables and polytope
membership. This is because constraint (31d) ensures exactly ongx equals 1,
making constraint (31c) equivalent to H }x,  h' when iy = 1. Therefore, by
dening g i(xk) = Hixx+ h', the binary variable ;x can directly serve as
the predicate variable z .

Within the objective function fopj(x;u;z )= x"Qx +uTRu + Tz,
where Q and R are user-de ned cost matrices for states and inputs. The
vector  contains coe cients that describe the costs associated with activating
each predicate (i.e., whenz « = 1). These costs correspond to constrainingx
within speci ¢ regions in the con guration space, such as preferences for certain
operating regions.

Combining the big-M formulation for the general class of PWA dynamics with
our LNF, we present the complete optimization formulation for Problem 1.2:

Formulation 1.4. Optimization Formulation for Temporal Logic Motion
Planning with Big-M Formulation of PWA Dynamics.

minimize fop( ;Z )
Y4

s.t.  Egn. (31); Xg2Xg (big-M PWA dynamics)
Egn. (3); 8k;8 2 (Atomic predicates)
Gogic( ;z) O (Temporal logics)

Remark 1. Instead of using the full PWA dynamics formulation in (31), we
can leverage Bezier curves to model the coordinates of interest for planning
(such as center of mass position), which can reduce the number of variables
and constraints. This approach is used in the Graph-of-Convex-Sets formulation
(Marcucci et al., 2023) for mixed-integer programming of motion planning
around obstacles, where the convex hull property of Bezier curves ensures
obstacle avoidance. The assignment of predicates follows a similar approach to
the DNF formulation in (29), where binary variables indicate which polytope
each curve segment occupies. We employ this approach in our hardware
experiments (Section VI-E).
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Experiments

In this section, we present comprehensive experiments to evaluate the
computational advantages of the Logic Network Flow (LNF) formulation
compared to Logic Tree (LT) formulations. Our experimental evaluation includes
four distinct case studies that demonstrate the versatility and scalability of
our approach: (i) vehicle routing problems with time windows using Dynamic
Network Flow models, (i) multi-robot coordination using pre-computed
trajectory libraries, (iii) optimal motion planning with piecewise-a ne hybrid
dynamics using both big-M and convex hull formulations, and (iv) hardware
experiments demonstrating real-time replanning capabilities with quadrupedal
robots in dynamic factory environments.

For each scenario, we formulate the task speci cation using both our proposed
LNF Formulation 1.1 and the baseline LT Formulation 1.2, comparing their
performance across three key metrics: convex relaxation tightness measured
by root relaxation gap, computational e ciency measured by solution times
and the number of branch-and-bound nodes explored to achieve equivalent
bounds quality, and scalability as problem complexity increases. We conduct
multiple trials with randomized parameters to ensure statistical signi cance. For
a comprehensive comparison, we evaluate both formulations using two state-
of-the-art MIP solvers: Gurobi 12.0 and CPLEX 22.1.1.0, both with default
settings. All experiments were conducted on a computer with 12th Gen Intel
Core i7-12800H CPU and 16GB RAM.

Path Planning on Temporal Graph Formulated as Dynamic Network
Flow

First, we evaluate our LNF formulation on temporal graphs formulated as
Dynamic Network Flow (DNF), as described in Section . The rst experiment
involves multi-target scenarios where one robot needs to visit at least one target
from each of several target groups while avoiding obstacles. This experiment
follows (Kurtz and Lin, 2021), which provides a direct comparison baseline. We
benchmark our proposed Formulation 1.3 against the LT formulation used in
that paper, which is identical to our LT formulation in Formulation 1.1.

To build the environment, we construct a 16 16 grid world with randomly
placed targets and obstacles. The center of each grid cell corresponds to a vertex
in the temporal graph. The robot can traverse from one cell to an adjacent cell
horizontally or vertically, corresponding to an edge in the temporal graph taking
2dT, or traverse diagonally to an adjacent cell, corresponding to an edge taking
3dT. Following (Kurtz and Lin, 2021), we vary the number of target groups N
from 2 to 5, set the planning horizon to 1INy timesteps, and place Ay obstacles
in the environment. The robot must visit at least one target among each group
while avoiding all obstacles. This temporal logic speci cation is given by:

" |
No N, I#

:n1: Obstaclen 3N | targety (32)
k=1 1=1
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where target, denotes thel-th target in group k, Ny = 3 targets per group, and
N is the planning horizon.

Results We conducted multiple trials for each Ng, with positions of targets
and obstacles randomly sampled within the grid world, and edge costs sampled
uniformly from [0;1] to model varying traversal diculties. The results for
solving time to prove global optimality are collected in Fig. 7, where each box
plot shows the median (horizontal red line), upper and lower quartiles (colored
box) and full range (whiskers).

For smaller problem sizes Ny =2;3), all solving times of the baseline
formulation are within a few seconds, which is consistent with (Kurtz and
Lin, 2021). However, our proposed LNF formulation demonstrates consistent
speedups across all problem sizes. For problems of smaller sizes suchNgs=
2; 3, LNF achieves a median solving time 2 faster than LT. As problem size
increases, the improvement becomes more signi cant: foNg = 5, LNF achieves
a3 speedup with a median time of 170s compared to 540s for LT. We attribute
the superior performance of LNF to the signi cantly tighter convex relaxations.
The average root relaxation gaps for LNFs are 10.16%, 24.27%, 37.46%, 51.78%
for Ng = 2, 3;4, 5 respectively; and for LTs are 31.05%, 46.81%, 56.49%, 65.89%
for Ng = 2, 3;4; 5 respectively, with LNF consistently achieving relaxation gaps
tighter than LT for each problem size. This allows the B&B to prune the tree
more e ciently and avoid unnecessary branching by detecting earlier if certain
nodes are not worth further exploration.

The second set of experiments considers the Vehicle Routing Problems with
Time Windows (VRPTW), where a eet of R homogeneous robots must visit
speci ¢ locations within their designated time windows [0; N ] and obey temporal
constraints. Each location has a required service duration. To build a realistic
environment, we segment the map into polygons and shrink them to form paths
and intersections. Each intersection corresponds to one vertex in the temporal
graph, and each path corresponds to an edge. The travel time for each path is
computed by dividing the travel distance by a constant speed. An example of
such an environment and the resulting planned paths is shown in Fig. 8.

We examine two variants of speci cations. The rst speci cation requires at

least one robot to visit each location within its time window and serve the task
for the speci ed duration:

K R
"vipw = Bon202 1) (33)
t=1r=1
where Et is a predicate indicating robot r is at the target location speci ed for
task t at time k.
The second speci cation introduces sequencing dependencies between robots,
modeling scenarios where one robot must reach a specic location, such as
pressing a button, before another robot can access a di erent location, such
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Figure 7. Scalability comparison between LNF and LT formulations for multi-target
scenarios with varying number of target grouphly. X-axis: number of target groups
(Ng), Y-axis: solving time to prove global optimality (seconds).

as passing through a door. This coordination is expressed as:

N\seq . .
' - . B! Al
sequential — ((: |r<2 u |r<1 »”
i=1 rir2R (34)
B!
Buoni2p &7 )
where L“A' indicates robot r; is at location Al, {(2;8' indicates rohot r, is

at location B', R is the set of all robots, and Nseq denotes the number of
sequential dependencies. For each sequential constraintthere must exist some
pair of robots (r1;r») such that robot r, eventually reaches locationB', but the

until operator U ensures that robotr, cannot reach locationB' until robot ry

has reached locationA!

We conduct a series of experiments with increasing problem size. The rst
scenario involves 3 robots serving 9 tasks over a planning horizon df =50
on a temporal graph containing 93 vertices and 264 edges. We then scale up
to 6 robots handling 18 tasks withN =70 on a temporal graph containing 182
vertices and 534 edges. Random experiments are conducted across 50 trials
for each problem setup to ensure statistical signi cance. Task locations are
randomly selected from the vertices of our graph model. To model varying
traversal di culty, we assign random costs to the edges of the DNF following
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Figure 8. Example VRPTW environment with planned robot trajectories. The
designated locations are shown by yellow stars. Di erent colored paths represent
trajectories for di erent robots visiting designated locations within their time windows.

a uniform distribution in [0 ;1], where higher costs represent more traversal
di culties, such as rougher terrain or higher wind gusts. We also introduce
hold-o costs uniformly sampled from [0; 1], assigned to the hold-o edges. This
represents costs incurred even when a robot remains stationary, such as extreme
environmental temperature. Similar to the previous experiment, we compare our
LNF formulation against (Kurtz and Lin, 2021).

Results Table 3 and 4 present the computational results for' ypw and
' sequential SPECI cations, respectively, across dierent problem sizes over 50
trials. The table reports the number of binary and continuous variables, and the
number of constraints for each speci cation using LNF and LT formulations.
The row \G," records the root relaxation gap between the relaxed MILP
formulations and the global optimal solution as explained in Section . By
analyzing Gurobi solver logs, we track several key performance metrics: \T-Find
(10% gap)" denotes the time to discover a solution within 10% of optimality,
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\T-Find (optimal)" shows when the global optimal solution is rst found, \T-
Prove (10% gap)" indicates the time to prove a 10% optimality gap, and \T-
Prove (optimal)" represents the total time to prove global optimality. Due to the
exponential worst-case complexity leading to high variance in solving times, all
timing results are reported asmedian median absolute deviationIn addition,
Fig. 9 shows the upper and lower bounds discovered by the Gurobi solver,
plotted against the number of nodes explored during the branch-and-bound
process. This plot demonstrates the e cacy of discovering bounds through the
branch-and-bound process, regardless of the size of convex relaxations.

Our results indicate that optimization with LNFs is more e ective than that
with LTs in nding better upper and lower bounds, which is evidenced by the
signi cant reduction in the number of nodes explored to achieve bounds of the
same quality. We again attribute this to the tighter convex relaxations, which
allow the branch-and-bound algorithm to prune the search tree more e ciently
and avoid unnecessary exploration of suboptimal regions. This e cacy enables
LNF formulations to solve consistently faster than LTs across all problem sizes
tested, achieving tenfold speedups overall. Remarkably, for all 200 instances
tested (50 trials across four di erent planning problems), LNF demonstrates
faster solving speeds than LT. We also note that signi cant speedup is achieved
through the network-based Fourier-Motzkin (F-M) elimination process. As
shown in Table Ill, the F-M elimination reduces the number of continuous
variables by orders of magnitude (e.g., from 1,524,490 to 48,994 for the 6-
robot VRPTW case), while maintaining the same relaxation tightness. While
our preliminary work (Lin et al., 2024) showed that LNF formulations without
F-M elimination outperform LT for problems with continuous variables around
10K, LT becomes faster for larger problem scales due to its fewer continuous
variables. The F-M elimination addresses this limitation by reducing the number
of variables and constraints by orders of magnitude, resulting in several orders of
magnitude speedup compared to LNF without the elimination, thus maintaining
LNF's computational advantage even for large-scale problems. Importantly, even
for large-scale problems, the solver tends to nd high-quality solutions (within
10% of optimality) much faster than proving global optimality, which may be
su cient for many practical applications requiring real-time or near-real-time
planning.

Path Planning with Trajectory Libraries: A Search and Rescue
Application

In this section, we demonstrate a practical application of our framework
combining LNF and DNF with a multi-robot search and rescue scenario, where
three bipedal robots coordinate to complete multiple missions simultaneously
in a disastrous environment. We demonstrate that our LNF formulation of

logic speci cations discovers optimal coordination plans signi cantly faster than

the baseline LT approach, enabling rapid mission planning for time-critical

applications such as disaster response.
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Figure 9. Solved upper and lower bounds plotted against the number of nodes explored
during the B&B process for four tasks, demonstrating the comparison between LNFs and
LTs. Shaded regions show the variance. Generally, LNFs discover the same bound by
exploring less number of nodes. Four gures on the top shows the upper bounds in
percentage values, computed by

(upperbound globaloptimum)=globaloptimum 100% Four gures on the bottom
shows the lower bounds in percentage values, computed by

(lower.bound globaloptimum)=globaloptimum 100% Sub gure (A) Shows" vrpw

with 3 Robots, 9 Tasks andN = 50; Sub gure (B) shows"' ypw With 6 Robots, 18 Tasks
and N =70; Sub gure (C) shows' sequential With 3 Robots, 9 Tasks andN =50 ;

Sub gure (D) shows' sequential With 6 Robots, 18 Tasks and\ = 60.

The experiment runs on a 100 mO 100 m disaster zone covering multiple
mission sites including crashed airplanes, factory plants or woods on re, a
search crew base camp, a helicopter landing zone, and multiple obstacles, as
illustrated in Fig. 10 (A). The mission objective is to coordinate three bipedal
robots to execute: (1) search and rescue operations: visit two aircraft crash sites
to rescue survivors and transport them to the helicopter for medical evacuation,
(2) retrieval of critical equipment from two damaged factory plants back to
the base camp, and (3) wild re extinguishing tasks, all within speci ed time
windows. Let ' denote the predicate that the i™ robot, i 2f1;2;3g, is at
location j at time k, where the locations include:p; (Factoryl), p, (Factory2),
ps (Airplane sitel), ps (Airplane site2), ps (Forestl), ps (Forest2), p; (Camp),
and pg (Helicopter). The task speci cation for the overall mission is:

mission = mission(j)
i=1

where the factory and airplane rescue missions require one robot visiting the task
locations, staying there for a speci ed duration to complete the operations, and
then transporting the survivors or retrieving equipment back to the designated
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Table 3. Computation results for speci cation' vpw With di erent problem sizes in 50
trials (time limit: 10,000 seconds)

! vrptw ' vrptw
3 Robots, 9 Tasks, N=50 6 Robots, 18 Tasks, N=70
LNF LNF-w/o T Speed LNF LNF-w/o T Speed
F-M Up F-M Up
# of binary vars 245 | 1242 |
# of cont. vars 17645 242800 17656 | 48994 1524490 49013 |
# of constr. 9614 241264 11897 | 26376 1527738 32283 |
6.7 6.7 31.2 8.1 8.1 38.0
Gr (%) | |
3.1 3.1 4.3 2.0 2.0 1.7
1.1 266.0 57 49.2 2580.9 1178.8
T-Find (10% gap) 5 24
0.4 89.5 23 5.3 1161.4 2449
1.8 643.8 22.6 570.0
T-Find (optimal) 12 Timeout Timeout >18
Gurobi 0.6 329.1 14.9 2459
1.2 337.7 224 49.4 3675.0 1990.6
T-Prove (10% gap) 19 40
0.4 117.3 14.5 6.5 893.3 810.0
1.7 1202.6 52.9 779.2
T-Prove (optimal) 31 Timeout Timeout >13
0.8 849.9 34.6 409.8
13.0 | 4475.7 1127.0 |
CPLEX |T-Prove (optimal) | 344 | Timeout >9
9.6 | 3501.7 566.0 |

search crew base within the time windowN,:

mission(j)
3

- iPi A 5P dest()
3lNT 04 K NwiNw+] K
i=1

where j 2 f1;2;3;4g corresponds 10 Pgesq1) = P6: Pdest2) = P6: Pdest@) = P7.

Pdestay = P7, respectively. The re extinguishing mission requires the robot to
visit the forest areas and stay for a period of time to distinguish re:

missions =
3 : 3
ps A = ips

30N] 04 K 3oN] 04 K

i=1 i=1
To construct a DNF for this environment, the map is discretized into a 10 O
10 grid, excluding grid points that overlap with obstacles. The remaining points
serve as vertices in the temporal graph. We build an o ine-generated trajectory
library to connect these vertices on the map. For each grid vertex, nonlinear
trajectory optimizations are used to nd collision-free paths connecting a vertex
to all reachable neighboring vertices. Speci cally, we optimize dynamically
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Table 4. Computation results for speci cation' sequential With di erent problem sizes in
50 trials (time limit: 10,000 seconds)

! sequential ! sequential
3 Robots, 9 Tasks, N=50 6 Robots, 18 Tasks, N=60
LNF LNF-w/o T Speed LNF LNF-w/o T Speed
F-M Up F-M Up
# of binary vars 475 | 1035 |
# of cont. vars 16903 235403 16914 | 41967 1085247 41986 |
# of constr. 9853 243678 21361 | 23637 1113762 53889 |
16.7 16.7 37.2 18.4 18.4 40.1
Gr (%) | |
2.7 2.7 3.7 2.0 2.0 1.9
10.1 320.8 59.8 62.2 418.6 600.5
T-Find (10% gap) 6 10
4.3 51.9 30.3 16.7 177.5 314.7
32.6 1345.6 339.7 432.5
T-Find (optimal) 10 Timeout Timeout >23
Gurobi 20.0 626.5 158.6 127.0
141 893.7 226.3 195.8 1970.3 1833.9
T-Prove (10% gap) 16 9
6.8 387.4 59.1 80.2 29.7 728.2
55.5 2694.0 437.2 1664.2
T-Prove (optimal) 8 Timeout  Timeout >6
385 1017.9 234.7 1105.7
42.1 | 595.7 5837.0 |
CPLEX |T-Prove (optimal) | 14 | Timeout >2
17.6 | 276.7 2553.0 |

feasible footstep sequences based on the linear inverted pendulum model (Koolen
et al., 2012). Each obstacle is conservatively approximated as a circular region
that circumscribes it, and obstacle avoidance is enforced by constraining the
robot's center of mass trajectory to remain outside these circles. We select a
discretization of time of dT =16 seconds to ensure reasonable edge traversal
timesteps and maintain a manageable planning horizorN =50 and N,, = 25.
Since each robot undertakes independent mission plans, we construct 3 separate
DNFs to nd a path for each robot. Each DNF contains 87 vertices and 470 edges
per time step. The full optimization formulation includes 726 binary variables,
81,456 continuous variables, and 26,964 constraints.

The objective function is designed to incorporate two types of risk-aware
locomotion costs: one models the risk of falls, which is associated with terrain
roughness, and the other is related to time-varying overheating risk that
measures the potential for mechanical or electronic failure due to high re
intensity. The rst cost is imposed when the robot moves from one site to the
next, while the second is imposed all the time, regardless of the robot's motion
status (i.e., either in motion or standing pose). To model the terrain roughness,
we leverage multi-modal Gaussian distributions randomly placed on the map
that range from 0 to the maximum roughness level. Fig. 10 (C) and (D) show
two roughness distribution examples.
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To account for the rst type of costs, roughness values are queried along
the robot's trajectory path. The probability of failure is assumed to be scaled
proportionally to the terrain roughness, and then integrated along the path.
We then convert it to log-probability space, making the risks additive across
trajectory segments. The terrain cost for each edge is computed as the negative
log-probability of successful traversal:

wraversal (€) = 109(1  prail (€))

where pr (€) represents the probability of failure for the traverse of the edgee
based on the roughness of the terrain.

Figure 10. Search and rescue mission planning with three bipedal robots in a disaster
environment. (A) Overview of the 1000100 m disaster zone containing mission targets:
crashed airplane at (40 m, 16 m), factory houses on re at (-40 m, 32 m) and (16 m, 24
m), trees on re at (-8 m, 40 m) and (-16 m, 40 m), search crew base camp at (-24 m,
-24 m), and helicopter landing zone at (24 m, -32 m). Red stars indicate target locations,
with walls, debris, and trees serving as obstacles. (B) MuJoCo simulation of bipedal Digit
robot executing planned trajectory using ALIP-based controller with PI guidance law.
Planned paths are shown in light blue, orange, and magenta. (C,D) Optimized robot
trajectories for two terrain pro les with distinct roughness patterns. Color intensity
represents risk of falling due to terrain roughness. Three robots start from (-8 m, 0 m),
(-24 m, -24 m), and (24 m, -32 m) respectively, with arrival times labeled at each target.
(E) Spatial distribution of overheating risk across the disaster zone att = 0. (F)
Time-varying overheating risk pro les for di erent locations: Factory 1, Factory 2,
Airplane 1, Airplane 2, and Forest areas, imposing costs even if robot does not move.

To measure the second type of risk, we model disaster sources centered at each
re location, with severity decreasing exponentially with distance. These costs
vary over time, following distinct evolution patterns as shown in Fig. 10 (F): The
factories exhibit pulsing behavior due to periodic chemical explosions, aircraft
crash sites show increasing re intensity, and forest res display diminishing
intensity over time. Fig. 10 (E) shows the spatial distribution of the risk of
overheating at the beginning. The cost function sums the severity contributions
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of all disaster sources at each vertex and time step. The probability of failure
is proportional to the severity with an appropriate scaling factor. The cost of
staying at the vertex v at time k is:

hold (V;K) = 1og(1  prail (V; K))

where pr (v; K) is the probability of failure due to overheating at the vertex v
at time k.

Results We compare LNF and LT formulations solved by Gurobi 12.0 on
two problem instances with dierent terrain roughness patterns. The solved
trajectories are shown in Fig. 10 (C) and (D). As expected, both LNF and LT
formulations nd the same globally optimal solution, with the key distinction
being their computational e ciency. In the rst terrain con guration, the
optimal solution assigns Robot 1 to the forest re missions rst, then proceeds
to retrieve equipment from the rst factory house and nally return to the base
camp. Robot 3 sequentially investigates both crash sites to rescue survivors and
transports them to the helicopter landing zone. While factory house 2 is located
near the aircraft crash sites, assigning all nearby tasks to Robot 3 would exceed
the time constraints. Therefore, Robot 2 is assigned to the second factory house
rescue mission. Traversal near factory house 1 is minimized due to its high
terrain roughness.

In contrast, the optimal task assignment and paths for the second terrain are
adjusted to avoid the highly rough terrain region in the middle right of the map.
As a result, Robot 3, which was previously assigned airplane rescue tasks, now
handles the forest re missions and factory house operations. This causes Robot
1 to be assigned to airplane rescue operations and the factory house 2 mission.
Similarly, Robot 2 takes one airplane rescue task since assigning all nearby tasks
to Robot 1 would violate the temporal constraints.

Since the disaster severity grows at the airplane crash sites, the robots
prioritize these missions to avoid prolonged exposure to escalating risks. On
the other hand, because the factories demonstrate periodic risk patterns, the
robots intelligently avoid high-risk areas by waiting until the danger subsides
(t = 304 s) before accessing those regions.

The computational results demonstrate signi cant performance advantages of
LNF over LT. For the rst terrain con guration, LNF achieves 4 times speedups
in both global optimality (165 s vs 632 s) and 10%-optimal solutions (39 s vs
165 s). For the second terrain con guration, LNF nds the global optimum in
69 seconds while LT exceeds 3000 seconds (over 40 times faster), and achieves 5
times speedup for 10%-optimal solutions (44 s vs 213 s). These results highlight
that LNF's tighter convex relaxations (58% and 68%, versus 90% and 91% for
LT) enabling us to nd lower-risk robot paths within a shorter time.

Additionally, we simulate the search and rescue scenario in a MuJoCo
environment (see the video submission). The bipedal robots use controllers based
on the Angular Momentum Linear Inverted Pendulum (ALIP) model to execute
the planned paths, as shown in Fig. 10. This implementation demonstrates
that the optimized trajectories are realistically tractable for bipedal systems
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Figure 11. Point mass navigation environments used for evaluating hybrid dynamics
under temporal logic speci cations. Left: Environment 1. Right: Environment 2. Gray
regions represent collision-free areas, yellow stars indicate target points, and the blue
trajectory shows the optimized path from start (blue circle) to end (green square)
position satisfying the sequential dependency constraints.

to navigate complex environments while maintaining balance and satisfying all
temporal logic speci cations.

Optimal Motion Planning with PWA System using Point Mass Model

We evaluate our LNF formulation on motion planning with PWA dynamics
under temporal logic speci cations. In this section, we focus on point mass
models as the underlying dynamic system, where the system state igyx =
[Xk; Yk Xk; Y] 2 R* representing the 2D position and velocity of the robot.
The control input u =[uxx ; Uy ]" 2 R? represents the input forces in thex
andy directions. We design two environments of increasing complexity: the rst
environment is a 6 m 5 m workspace which is decomposed into 8 collision-
free convex regions, and the second environment is an 11 m 5 m workspace
divided into 15 collision-free convex regions, as shown in Fig. 11. We use the
big-M formulation (31) to formulate collision-avoidance constraints, introducing
binary variables 2 f 0;1g to indicate whether the robot occupies regioni at
time k, ensuring that the robot's position lies within exactly one convex region
at each time step.

The temporal logic speci cations involve sequential dependency constraints
with multiple target pairs. For Environment 1, we randomly sample 4 targets
from di erent convex regions and create 2 sequential pairs, while environment
2 uses 6 targets forming 3 sequential pairs. The speci cation for Environment 1
is:

mi = RU DM E RU D 3N € 3w @

(35)
(BoN] ©:3 k_30N] 03 &)

where | denotes the predicate indicating the robot visits the target point i at
time k, requiring that target 1 must be visited before target 0, and target 3
before target 2. The speci cation also requires the robot to visit all prerequisite
targets ( ;1 and 3) and at least one of the subsequent targets (o or ) must
be eventually visited and dwelled at for 3 time steps. Environment 2 extends
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this pattern with
e =(0 U DANC FU HAE U N
B3N] k" 3] k2 3N &1 (36)

(Bong 03 k—30N] 03 k—3oN] 03 K)

adding a third sequential pair while maintaining the disjunctive choice between
subsequent targets. We use a discretization time step afiT = 0:5 seconds with
planning horizons of N = 60 time steps for both environments.

To ensure fair comparisons, we conduct 50 trials for each environment with
initial conditions randomly sampled on the map but within some convex region,
and we also build a target visit cost  incurring the cost of visiting each target,
uniformly sampled between 0 and 1, modeling preferences for specic task
completion locations and times due to factors such as lower operational risk.
The state cost matrix is Q = 0 and the control cost matrix is R = diag([1; 1])
to penalize the control input. We compare our LNF formulation against the
baseline LT formulation with big-M, which coincides with the optimization-
based formulations for temporal logic control by equation 15 in (Belta and
Sadraddini, 2019).

Results The results for point mass navigation in two environments are
shown in the rst ( m1) and second (u2) columns of Table 6. Similar to
previous experiments, we report the number of binary and continuous variables,
constraints, root relaxation gap, and various timing metrics. In addition, we
show speed summary results indicating the number of trials (out of 50) where
LNF is faster, LT is faster, or performance is similar (within 20% di erence).

For the point mass environments, LNF outperforms LT across both problem
sizes. In environment 1 ( 1), LNF achieves better root relaxation gaps (36.5%
vs 41.0%) and demonstrates clear computational advantages, with LNF being
faster in 44 out of 50 trials compared to only 2 trials where LT is faster. The
speedups range from 2.6 to 3.00 across di erent timing metrics. Environment
2 ( m2) shows a similar pattern but with slightly reduced advantages as problem
complexity increases: LNF is faster in 36 out of 50 trials versus 4 for LT, with 10
trials showing similar computational speed. The speedups remain substantial at
1.70 to 3.30, though LT occasionally outperforms LNF in nding the optimal
solution (0.90 speedup for T-Find optimal).

Optimal Motion Planning with PWA System using Inverted Pendulum
Model

To further evaluate more realistic robot models, we use a 3-D linear inverse
pendulum (LIP) model for footstep planning on bipedal walking (Deits
and Tedrake, 2014). While existing LIP-based approaches such as (Deits
and Tedrake, 2014) typically plan optimal footsteps towards prede ned goal
states, our framework generates footstep sequences that satisfy temporal logic
speci cations. The system state x, = [x;y;x;y; ]7 2 R® includes the Center
of Mass (CoM) position, velocity, and heading angle. The control inputuy =
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[ux;uy;! 1T 2 R3 represents the footstep placement relative to the CoM in thex
and y directions, and the angular velocity for the heading angle change. We use
the discrete time LIP dynamics developed by (Narkhede et al., 2022), where the
dynamics represent walking-step-to-walking-step evolution of the robot's center
of mass:

Fori2fx;yg:
P A #
5L+1 _ 1 L sinh('dT ) SL L1 c-osthT ) 0 @a7a)
Skl 0 cosh(dT) Sy ! sinh(1dT )
ker = k+dT!g (37b)

The discrete transition from the k™ step to thek + 1 steB represents a footstep
transition, where H is the center of mass height,! = g=H is the natural
frequency of the pendulum, anddT is the time interval between consecutive
footsteps. We introduce additional binary variables to discretize the heading
angle into ny = 4 segments, approximating sinusoidal functions using piecewise
linear functions, as done in (Deits and Tedrake, 2014):

K
tk =1; 2019 (38a)

k=1
min ;k M (1 tk ) t max ;k + M (1 t:k ) (38b)
jst (Mmsx ¢+ bsy)j M(1 tk ) (38c)
jc (Mek e+ bo)i MO ) (38d)

where ¢« indicates if the segmentk is active at time t, s; =sin( {) and
¢ =cos( t), [ min:k: maxk] denes the angular range for the segmentk, and
(Msk s bsk), (Mek; bek) are the linear approximation coe cients for sine and
cosine functions, respectively, within segmenk.
For each foot, two boundsb; and b, are de ned with radius r; and r,, giving
two circles. The footstep placementu must stay within the intersection of these
circles:

kuk R( k)blkz r and kuk R( k)bzkz ] (39)

Additionally, we de ne preferred contact positions U ef;(=r ) for each foot to
encourage natural gait patterns. The objective function incorporates a penalty
term that minimizes the deviation between actual footstep placement and these
preferred positions. Fig. 12(B) illustrates the feasible footstep region de ned
by the intersection of the kinematic constraint circles along with the preferred
contact positions.

To ensure safe locomotion, we de ne 20 discrete foot contact regions within
which the robot can safely place its footsteps. Regions outside these designated
areas are considered unsafe due to factors such as slippery surfaces or excessively
rough terrain. These safe regions are uniformly distributed within a 3 m 3
m workspace with some overlap. The safe contact regions are illustrated in
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Figure 12. Bipedal locomotion planning with Linear Inverted Pendulum (LIP) dynamics
under temporal logic speci cations. (A) Environment setup: The @3 m workspace is
decomposed into 20 safe contact regions (@3®.5 m squares with overlap, shown in light
gray). Five target groups are de ned, each containing 2 regions labeled with matching
colors and numbers 1-5. The temporal logic speci cation requires the robot to visit at
least one target region from each group. (B) Kinematic feasibility constraints: Footstep
placement is constrained by the intersection of two circles representing the reachable
regions for left and right feet, with preferred footstep positionsi yer,(.=r ) indicated. (C)
Planning results: The optimized center-of-mass (CoM) trajectory is shown as a green
curve, with the bipedal walking gait illustrated using inverted pendulum models
positioned along the trajectory. Each pendulum model shows the CoM position (center)
and corresponding left and right foot contact locations.

Fig. 12(A). We enforce the constraint that each footstep must be placed within
one of these prede ned safe regions.

To summarize, the PWA dynamics formulation for safe bipedal locomotion
incorporates several constraint types: LIP dynamics (37), kinematic feasibility
(39), discretized orientation (38), and safe contact regions that ensure foot
placement occurs within prede ned safe areas using big-M constraints. The
objective function minimizes footstep deviation from preferred positions with
additional region occupancy costs:

g 1
fobj = Ku upref;(L:R)k2+ T, (40)
t=0

Similar to all previous experiments, represents the predicate costs uniformly
sampled from [0, 1], modeling preferences for speci ¢ task completion locations
and times due to factors such as lower operational risk. The key parameters for
the LIP model are summarized in Table 5.

The temporal logic speci cation requires the bipedal robot to visit at least
one target location from each of ve distinct target groups within the planning
horizon of N =25 time steps with dT =0:5 seconds. Each target location
corresponds to a speci ¢ safe contact region, and the robot must make at least
two footsteps into the selected region to complete the visit. Each group contains
2 target regions. This speci cation is formulated as:

0 1
"

e = @7 3B g kA (41)
i=1 jZGi
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